THEORIES WITHOUT THE TREE PROPERTY OF THE SECOND KIND 



ARTEM CHERNIKOV 

Abstract. We initiate a systematic study of the class of theories without the tree property of 
the second kind — NTP2. Most importantly, we show: the burden is "sub- multiplicative" in 
arbitrary theories (in particular, if a theory has TP2 then there is a formula with a single variable 
witnessing this); NTP2 is equivalent to the generalized Kim's lemma; the dp-rank of a type in 
an arbitrary theory is witnessed by mutually indiscernible sequences of realizations of the type, 
after adding some parameters — so the dp-rank of a 1-type in any theory is always witnessed 
by sequences of singletons; in NTP2 theories, simple types are co-simple, characterized by the 
co-independence theorem, and forking between the realizations of a simple type and arbitrary 
elements satisfies full symmetry; a Henselian valued field of characteristic (0, 0) is NTP2 (strong, 
of finite burden) if and only if the residue field is NTP2 (the residue field and the value group 
are strong, of finite burden respectively); adding a generic predicate to a geometric NTP2 theory 
preserves NTP2. 

Introduction 

The aim of this paper is to initiate a systematic study of theories without the tree property of 
the second kind, or NTP2 theories. This class was defined by Shelah imphcitly in |She90| in terms 
of a certain cardinal invariant Ki„p (see Section [1} and explicitly in |She80) . and it contains both 
simple and NIP theories. There was no active research on the subject until the recent interest in 
generalizing methods and results of stability theory to larger contexts, necessitated for example 
by the developments in the model theory of important algebraic examples such as algebraically 
closed valued fields |HHM08j . 

We give a short overview of related results in the literature. The invariant Kjnp, an upper bound 
for the number of independent partitions, was considered by Tsuboi in |Tsu85j for the case of stable 
theories. In |Adl08| Adler defines burden, by relativizing Kjnp to a fixed partial type, makes the 
connection to weight in simple theories and defines strong theories. Burden in the context of NIP 
theories, where it is called dp-rank, was already introduced by Shelah in |She05] and developed 
further in jOUll| . Results about forking and dividing in NTP2 theories were established in |CK12) . 
In particular, it was proved that a formula forks over a model if and only if it divides over it (see 
Section [3]). Some facts about ordered inp-minimal theories and groups (that is with kI^^ — 1) 
are proved in jGoolOi [Simllj . In [BYlli Theorem 4.13] Ben Yaacov shows that if a structure has 
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IP, then its randomization (in the sense of continuous logic) has TP2. Malliaris |Mall2| considers 
TP2 in relation to the saturation of ultra-powers and the Keisler order. In [ChaOSj Chatzidakis 
observes that w-free PAC fields have TP 2. 

A brief description of the results in this paper. 

In Section [T] we introduce inp-patterns, burden, establish some of their basic properties and 
demonstrate that burden is sub-multiplicative: that is, if bdn(a/C) < k and bdn(6/aC) < A, then 
bdn(a6/C) < k x X. As an application we show that the value of the invariant of a theory Kinp(T) 
does not depend on the number of variables used in the computation. This answers a question of 
Shelah from |She90| and shows in particular that if T has TP2, then some formula y) with x 
a singleton has TP2. 

In Section [2] we describe the place of NTP2 in the classification hierarchy of first-order theories 
and the relationship of burden to dp-rank in NIP theories and to weight in simple theories. We 
also recall some combinatorial "structure / non-structure" dichotomy due to Shelah. 

Section [3] is devoted to forking (and dividing) in NTP2 theories. After discussing strictly 
invariant types, we give a characterization of NTP2 in terms of the appropriate variants of Kim's 
lemma, local character and bounded weight relatively to strict non-forking. As an application we 
consider theories with dependent dividing (i.e. whenever p e S{N) divides over M -< N, there 
some 4>{x, a) p dividing over M and such that (j){x, y) is NIP) and show that any theory with 
dependent dividing is NTP2. Finally we observe that the the analysis from [CK12) generalizes to 
a situation when one is working inside an NTP2 type in an arbitrary theory. 

A famous equation of Shelah "NIP = stability + dense linear order" turned out to be a powerful 
ideological principle, at least at the early stages of the development of NIP theories. In this paper 
the equation "NTP2 = simplicity + NIP" plays an important role. In particular, it seems very 
natural to consider two extremal kinds of types in NTP2 theories (and in general) — simple types 
and NIP types. While it is perfectly possible for an NTP2 theory to have neither, they form 
important special cases and are not entirely understood. 

In section |4] we look at NIP types. In particular we show that the results of the previous 
section on forking localized to a type combined with honest definitions from [CSlOj allow to omit 
the global NTP2 assumption in the theorem of [KS12| . thus proving that dp-rank of a type in 
arbitrary theory is always witnessed by mutually indiscernible sequences of its realizations, after 
adding some parameters (see Theorem ISTj) . We also observe that in an NTP2 theory, a type is 
NIP if and only if every extension of it has only boundedly many global non-forking extensions. 

In Section Owe consider simple types (defined as those type for which every completion satisfies 
the local character), first in arbitrary theories and then in NTP2. While it is more or less immediate 
that on the set of realizations of a simple type forking satisfies all the properties of forking in simple 
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theories, the interaction between the reahzations of a simple type and arbitrary tuples seems more 
intricate. We establish full symmetry between realizations of a simple type and arbitrary elements, 
answering a question of Casanovas in the case of NTP2 theories (showing that simple types are co- 
simple, see Definition [66l) . Then we show that simple types are characterized as those satisfying the 
co-independence theorem and that co-simple stably embedded types are simple (so in particular 
a theory is simple if and only if it is NTP2 and satisfies the independence theorem). 

Section [5] is devoted to examples. We give an Ax-Kochen-Ershov type statement: a Henselian 
valued field of characteristic (0, 0) is NTP2 (strong, of finite burden) if and only if the residue 
field is NTP2 (the residue field and the value group are strong, of finite burden respectively) . This 
is parallel to the result of Delon for NIP |Del81j . and generalizes a result of Shelah for strong 
dependence |She05) . It follows that the valued fields of Hahn series over pseudo-finite fields are 
NTP2. In particular, the theory of the ultra-product of p-adics is NTP2 (and in fact strong, of 
finite burden). We also show that expanding a geometric NTP2 theory by a generic predicate 
(Chatzidakis-Pihay style |CP98| ) preserves NTPj. 

Acknowledgments. I am grateful to Itai Ben Yaacov, Itay Kaplan and Martin Hils for multiple 
discussions around the topics of the paper. I would also like to thank Hans Adler and Enrique 
Casanovas for their interest in this work and for suggesting nice questions. 

Preliminaries 

As usual, we will be working in a monster model M of a complete first-order theory T . We will 
not be distinguishing between elements and tuples unless explicitly stated. 

0.1. Mutually indiscernible sequences and arrays. 

Definition 1. We will often be considering collections of sequences (aQ)^^^ with — {o-a,i)i^\ 
(where each tuple, maybe infinite). We say that they are mutually indiscernible over a 

set C if Sq, is indiscernible over Ca^a for all i < n. We will say that they are almost mutually 
indiscernible over C if is indiscernible over Ca^a ('^/3.o)^>c- Sometimes we call (aQ,i)Q<Ki<A 
an array. We say that (pa) ^^^1 is a sub-array of (00)^^^ if for each a < k' there is /3q, < k such 
that ba is a sub-sequence of ap^ . We say that an array is mutually indiscernible (almost mutually 
indiscernible) if rows are mutually indiscernible (resp. almost mutually indiscernible). Finally, 
an array is very indiscernible if it is mutually indiscernible and in addition the sequence of rows 
{o,a)a<K '"^^ indiscernible sequence. 

The following lemma follows easily by a repeated use of the usual "Erdos-Rado" and Ramsey 
theorems, and will be constantly used for finding indiscernible arrays. 
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Lemma 2. (1) For any small set C and cardinal k there is X such that: 

If A = {o-a,i)a^n i<x '^'^ array, n < uj and \aa^i\ < k, then there is an array B = 
{^a.i)a<,n i<u rows mutually indiscernible over C and such that every finite sub-array 
of B has the same type over C as some sub-array of A. 
(2) Let C be small set and A = {o-a.i)^^^ i<u) '^^ array with n < lj. Then for any finite A G 
L(C) and N < uj we can find A-mutually indiscernible sequences {aa,i^ q, aa,ia «) C Oq, 
a < n. 

Lemma 3. Let (aa)^,^^ be almost mutually indiscernible over C . Then there are {a.'^)^^^, mutu- 
ally indiscernible over C and such that a'^ =a„ ^ Sq, for all a < k. 

Proof. By Lemma [21 taking an automorphism, and compactness. □ 

Definition 4. Given a set of formulas A, let R{k, A) be the minimal length of a sequence sufficient 
for the existence of a A-indiscernible sub-sequence of length k. For example, for finite A, R{k, A) = 
K for any infinite k and and R{n, A) is finite for any n ^ uj. 

Remark 5. Let (a^) be a mutually indiscernible array over A. Then it is still a mutually indis- 
cernible over acl(A). 

0.2. Invariant types. We recall that 

Fact 6. (see e.g. |HP11| j Let p{x) be a global type invariant over a set C (that is (j){x,a) & p if 
and only if 4>{x, cr(a)) G p for any a G Aut(M /C) ). For any set D D C, and an ordinal a, let the 
sequence c = {ci \ i < a) be such that Ci ^ ploc^i ■ Then c is indiscernible over D and its type over 
D does not depend on the choice of c. Call this type p^°'^\d, and let p^"^ = IJddc^'''"'' 1^' ^^^^n 
p^°'^ also does not split over C. 

Finally, we assume some acquaintance with the basics of simple (e.g. [Cas07| ) and NIP (e.g. 
|Adl08| ) theories. 

1. Burden and Kinp 

Let p{x) be a (partial) type. 

Definition 7. An iirp-pattern in p{x) of depth k consists of (aa,i)a<K z<tj' 4'aix,ya) and < lo 
such that 

• {(f'aix, Oa^i)}^^^ is fca-inconsistent, for each a < k 

• {0ct(2;, Oq j(q))}^^^ L) p{x) is consistent, for any / : k — )■ w. 

The burden oi p{x), denoted bdn(p), is the supremum of the depths of all inp-patterns in p{x). 
By bdn(a/C) we mean hdn.{tp{a/C)). 



THEORIES WITHOUT THE TREE PROPERTY OF THE SECOND KIND 5 

Obviously, p{x) C q(^x) implies bdn(p) > hdn{q) and bdn(p) = if and only if p is algebraic. 
Also notice that bdn(p) < oo <^ bdn(p) < |T|+ by compactness. 

First we observe that it is sufficient to look at mutually indiscernible inp-patterns. 

Lemma 8. For p[x) a (partial) type over C , the following are equivalent: 
(f) There is an inp-pattern of depth k in p{x). 

(2) There is an array (aa)a<K, with rows mutually indiscernible over C and (f)a{x,ya) for a < k 
such that: 

• o.a,i)}i<uj is inconsistent for every a < k 

• p{x) U {(f)a{x, aa.o)}a<K Consistent. 

(3) There is an array {(ia)^^^ with rows almost mutually indiscernible over C with the same 
properties. 

Proof. (1)=^(2) is a standard argument using Lemma [5] and compactness, (2)=>(3) is clear and 
(3)=>(f ) is an easy reverse induction plus compactness. □ 

We will need the following technical lemma. 

Lemma 9. Let (aQ)jj<^ be a mutually indiscernible array over C and b given. Let pa{x, Oa^o) — 
tp{b/aaflC), and assume thatp°°[x) = Uq<k i<w Pal^; '^"•i) consistent. Then there are {o!^)ai<_n 
such that: 

(1) a'a =a„,oC fla for all a < K 

(2) ia'a)a<K mutually indiscernible array over Cb. 

Proof, ft is sufficient to find 6' such that b' =a^ gC b for all a < k and iaa)^^^ is mutually 
indiscernible over b'C (then applying an automorphism over C to conclude). Let b°° \= p°°{x). 
By Lemma[2l for any finite A e L{C), S C k and n < oj, there is a A(6°°)-mutually indiscernible 
sub-array (a' A „ of fa„) ^c- Let a be an automorphism over C sending fa' ■) 
to (cta/Octgs i<n ^^^^ ^' ~ '^(^°°)- Thcu (ftQ.i)Qgsi<n A(6')-mutually indiscernible and 6' |= 
[Ja^s Pa{x, aafl)i so 6' =a^ gC b. Concludc by compactness. □ 



Next lemma provides a useful equivalent way to compute the burden of a type. 

Lemma 10. The following are equivalent for a partial type p{x) over C: 

(1) There is no inp-pattern of depth k in p. 

(2) For any b |= p{x) and {o-a)^^,^, an almost mutually indiscernible array over C , there is 
l3 < K and a! indiscernible over bC and such that a! =ai^ o-p- 

(3) For any b \= p{x) and (aa)a<„, a mutually indiscernible array over C , there is (3 < k and 
a' indiscernible over bC and such that a! =aij qC a/3- 
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Proof. (1)=^(2): So let (aa)Q,<K be almost mutually indiscernible over C and b p{x) given. Let 

Paix,aa,o) = tp{b/aa^oC) and let Pa{x) = Uj<a; 

Assume that pa is inconsistent for each a, by compactness and indiscernibility of da over C there 
is some (j)a{x, aafiCa) £ Pa{x, aa.o) with Ca G C such that {(j)aix, aa.iCa)}^^^^ is fca-inconsistent. 
As & ^ {(f)a{x,aafiCa)}a^K.'' aluiost indiscernibility of (aa)^^^ over C and Lemma[5]we find an 
inp-pattern of depth k in p - a contradiction. 

Thus p/six) is consistent for some j3 < k. Then we can find a! which is indiscernible over hC 
and such that d' o.i3 by Lemma IHl 

(2) =^(3) is clear. 

(3) =>(1): Assume that there is an inp-pattern of depth n in p{x). By Lemma [8] there is an 
inp-pattern (fla, 0q, fcQ)^^^ in p{x) with {da)a<K a mutually indiscernible array over C. Let 
b \= p{x) U {(f>aix,aa,Q)}a<K- On the one hand ^ (/)a(b,aafi), while on the other {4>a{x,aa,i)}j^^^ 
is inconsistent, thus it is impossible to find an d'^ as required for any a < k. □ 

Theorem 11. // there is an mp-pattern of depth ni x K2 in tj){bib2 / C) , then either there is an 
iivp-pattern of depth ni in tp(&i/C) or there is an inp-pattern of depth K2 in tp{b2/biC). 

Proof. Assume not. Without loss of generality C — and let (00)0,^^1 xk2 ^ mutually indis- 
cernible array. By induction on a < ki we choose d'^ and Pa G K2 such that: 

(1) d'a is indiscernible over 62a<Qa>(a+i,o)- 

(2) tp(a^/a(a_^^)^oa<aa>(Q+l,0)) = ^p{a(^a,i3^)/a(a,p^),oa'<a^>{a+i,o))- 

(3) a'^-Q, U a>(Q+i,o) is a mutually indiscernible array. 

For a = —1, (1) and (2) are empty conditions and (3) is the assumption. Now assume we have 
managed up to a, and we need to choose d'^ and /3q,. Let D = a'^Q,a>(Q+i o)- As (0(0,5))^^^ is a 
mutually indiscernible array over D by (3) and there is no inp-pattern of depth K2 in tp(62/£'), by 
Lemma [TUT 3) there is some /3q, < K2 and d'^ indiscernible over (which gives us (1)) and such 
that tp{d'a/a(^a.i3a)fiD) = ^p{'^{a,Pa)/'^{a,i3a),o^) (which together with the inductive assumption 
gives us (2) and (3)). 

So we have carried out the induction. Now it is easy to see by (1), noticing that the first 
elements of d'^ and d(^a,i3a) same by (2), that {d'a)a<:m almost mutually indiscernible 

array over 62- By Lemma[31 we may assume that in fact (ajj,);^^^^ is a mutually indiscernible array 
over 62- 

As there is no inp-pattern of depth ki in tp(&i/62), by Lemma [TU] there is some 7 < ki and d 
indiscernible over fei&2 and such that d =a' ^ d'^ =£»(-, '^{i,P-t)- ('^ct)aeKi xk2 arbitrary, 
by Lemma Il0f 3) this implies that there is no inp-pattern of depth ki x K2 in tp(6i62)- D 

Corollary 12. "Sub-multiplicativity" of burden: If bdn(ai) < ki for i < n with ki £ tu, then 
bdn(ao...a„_i) < JJi^^ h. 
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We note that in the case of NIP theories it is known that burden is not only sub-multiplicative, 
but actually sub-additive [KOUll] . See [BYC| concerning the question of sub-additivity of burden 
in NTP2 theories. 

Definition 13. For n < cu, we let K^^p(^j'-j be the first cardinal k such that there is no inp-pattern 
(ac, (/)ct(a;, j/q), fcct) of depth k with |a;| < n. And let Kinp(r) = sup„^;^ K[Jjp(T). Notice that 
^inp ^ '^inpi'^) — ^'^^ n < m, just because of having the equality in the language, and thus 

Kinp(T) > ^0- 

We can use the previous theorem to answer a question of Shelah |She90[ Ch. Ill, Question 7.5]. 
Corollary 14. Khip{T) — K[Jjp(T) — Kl^p{T), as long as k^^^ is infinite for some n < lu. 

2. NTP2 AND ITS PLACE IN THE CLASSIFICATION HIERARCHY 

The aim of this section is to (finally) define NTP2, describe its place in the classification 
hierarchy of first-order theories and what burden amounts to in the more familiar situations. 

Definition 15. A formula (j){x, y) has TP2 if there is an array {aa,i)^ ^^^^ such that {(p{x, aQ,i)}j<^ 
is 2-inconsistent for every a < uj and o.aj{a))} is consistent for any / : a; — > a;. Otherwise 

we say that (p{x,y) is NTP2, and T is NTP2 if every formula is. 

Lemma 16. The following are equivalent for T : 

(1) Every formula (j){x,y) with \x\ < n is NTP2. 

(2) <p(T) < |T| + . 

(3) <,p(T) < 00. 

(4) bdn(6/C) < |T|+ for all b and C, with \b\ = n. 

Proof. (1)^(2): Assume we have a mutually indiscernible inp-pattern {aa,4>a{x,ya),ka)a<\T\ + 
of depth |T| + . By pigeon-hole we may assume that (j)a{x,ya) = (j){x,y) and ka — k. Then by 
Ramsey and compactness we may assume in addition that (oq,) is a very indiscernible array. If 
{(t){x, Oa^o) A (t){x, aa^i)}^^^ is inconsistent for some n < uj, then taking baa = ana,iana+i,i---ana+n~i,i, 
(/\,-^^ j/i), 6q,, 2)^^^ is an inp-pattern. Otherwise {(p{x,aafl) A (l){x,aa^i)}^^^ is consistent, 
then taking ba^i = aa,2iaa,2i+i we conclude that [4>{x, j/i) A 2/2), ^q, [i] )Q<tj inp-pattern. 
Repeat if necessary. 

The other implications are clear by compactness. □ 

Remark 17. (I) implies (2) is from [Adl07| . 

It follows from the lemma and Theorem [HI that if T has TP2, then some formula <j){x, y) with 
= 1 has TP2. From Lemma [551 it follows that if (t)i{x,yi) and (t>2{x,y2) are NTP2, then 
4>i{x, yi) V 4>2{x, 1/2) is NTP2. This, however, is the only Boolean operation preserving NTP2. 
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Definition 18. [Adler] T is called strong if there is no inp-pattern of infinite depth in it. It is 
clearly a subclass of NTP2 theories. 

Proposition 19. If (t>{x,y) is NIP, then it is NTP2. 

Proof. Let {o.a,j)a j^uj array witnessing that (f)(x,y) has TP2. But then for any s C let 

/(a) = if a G s, and f{a) — 1 otherwise. Let d \= {(j){x,aaj{a))}- It follows that (j){d^aafi) 
a G s. □ 

We recall the definition of dp-rank (e.g. [KOUll] ): 

Definition 20. We let the dp-rank of p, denoted dprk(p). be the supremum of k for which there 
are h \^ p and mutually indiscernible over C (a set containing the domain of p) sequences (aa)^^^ 
such that none of them is indiscernible over hC. 

Fact 21. The following are equivalent for a partial type p [x) (by Ramsey and compactness) : 

(1) dprk (p) > K. 

(2) There is an ict-pattern of depth k in p (x), that is {di, ipi {x, yi) , ki)^^^ such that p (x) U 
{Vi {x, aiX'.)) }j<K ^ ■f'^* ^»j)}s(i)#j<K consistent for every s : k^uj. 

It is easy to see that every inp-pattern with mutually indiscernible rows gives an ict-pattern of 
the same depth. On the other hand, if T is NIP then every ict-pattern gives an inp-pattern of the 
same depth (see [AdlOTl Section 3]). Thus we have: 

Fact 22. (1) For a partial type p(x), bdn(p) > dprk(p). And if p(x) is an NIP type, then 
bdn(p) — dprk(p) 
(2) T is strongly dependent <^ T is NIP and strong. 

Proposition 23. IfT is simple, then it is NTP2. 

Proof. Of course, inp-pattern of the form {da, 4>{x, y), k)^^^ witnesses the tree property. □ 
Moreover, 

Fact 24. (Adl07[ Proposition 8] Let T he simple. Then the burden of a partial type is the supremum 
of the weights of its complete extensions. And T is strong if and only if every type has finite burden. 



Definition 25. [Shelah] (t>{x,y) is said to have TPi if there are {0'ri)y^^^<ui and k E uj such that: 

• {(f>{x, is consistent for any 77 G 

• {4>{x, o,qi)}i^f^ is inconsistent for any mutually incomparable 770, tjk-i G w^". 
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Fact 26. |She901 IIL7.7, III.7.11] Let T he NTP2, q{y) a partial type and (t>{x, y) has TP witnessed 
by (ir;)^g„<i^ with Gfj \= q, and such that in addition a^i^)}^^^ L) p{x) is consistent for any 

rj E u'^ . Then some formula iplxjy) = /\^^i^(j){x,yi)Ax{x) (where x{x) £ p{x) ) has TP i , witnessed 
by {b,i) with bjj C q(M.) and such that {<f>{x,b^^i)^ .^^ LI p{x) is consistent. 

It is not stated in exactly the same form there, but immediately follows from the proof. See 
|Adl07[ Section 4] and |KKS12i Theorem 6.6] for a more detailed account of the argument. See 
IKKll j for more details on NTPi. 

Example 27. (1) Triangle free random graph (i.e. the model companion of the theory of 
graphs without triangles) has TP2. 
(2) The theories of free roots of the random graph (as defined and studied in |CW04) ) have 
TP2. In particular, the rational Urysohn space has TP2. 

Proof. (1): We can find io-ijbij)^^^^ such that R{aij,bik) for every i and j ^ fc, and this are the 
only edges around. But then {xRoij A xRbij}^^^ is 2-inconsistent for every i as otherwise it would 
have created a triangle, while {xRa^ff^i-j A xRbif(i)]i^^ is consistent for any / : w — )■ w. 

(2): Let be such that d(aij,aiji) — 3 for all i,j ^ j' < uj and d{aij,aiij') — 2 for 

all i 7^ < Lo - possible to find by model completeness as the triangular inequality is not 

violated. But then {xi?iaij}^-^^ is inconsistent for every i, while {x/JiOi is consistent for 

any f : uj ^ uj. □ 

In fact it is known that the triangle-free random graph is rosy and 2-dependent (in the sense of 
|She07| ). thus there is no implication between rosiness and NTP2, and between k-dependence and 
NTP2 for > 1. We also remark that in |She901 Exercise III. 7. 12] Shelah suggests an example of 
a theory satisfying NTP2 + NSOP which is not simple. 

3. Forking in NTP2 

In [KimOli Theorem 2.4] Kim gives several equivalents to the simplicity of a theory in terms of 
the behavior of forking and dividing. 

Fact 28. The following are equivalent: 

(1) T is simple. 

(2) a) divides over A if and only if {(j}{x, ai)}i<tj inconsistent for every Morley sequence 
(a,),<^ over A. 

(3) Dividing in T satisfies local character. 

In this section we show an analogous characterization of NTP2. But first we recall some facts 
about forking and dividing in NTP2 theories and introduce some terminology. 
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Definition 29. (1) A type p{x) e S{C) is strictly invariant over A if it is Lascar invariant 
over A and for any small B C_ C and a \= p\b, we have that tp{B/aA) does not divide over 
A (we can replace "does not divide" by "does not fork" C = M). For example, a definable 
type or a global type which is both an heir and a coheir over M, are strictly invariant over 
M. 

(2) We will write a ^^^^ b when tp(a/6c) can be extended to a global type p{x) strictly invariant 
over A. 

(3) We say that (ai)<^ is a strict Morley sequence over A if it is indiscernible over A and 

O'i vL^* fl<i for a-ll * < ^■ 

(4) As usual, we will write a if tp(a/6c) is finitely satisfiable in c, a J^^& (^^ ^) if 
tp(a/6c) does not divide (resp. does not fork) over c. 

(5) We write a J_,^& if tp(a/6c) can be extended to a global type p{x) Lascar invariant over 
c. We point out that if a J^* b and (6i)i<tj ^ c-indiscernible sequence with 6o — b, then 
it is actually indiscernible over a. 

(6) If T is simple, then X' = i.'"'- And if T is NIP, then = J^^. 

(7) We say that a set A is an extension base if every type over A has a global non-forking 
extension. Every model is an extension base (because every type has a global coheir). A 
theory in which every set is an extension base is called extensible. 

Strictly invariant types exist in any theory (but it is not true that every type over a model has 
a global extension which is strictly invariant over the same model). In fact, there are theories in 
which over any set there is some type without a global strictly invariant extension (see |CKS12| 1. 

Lemma 30. Let p{x) be a global type invariant over A, and let M D A be \A\'^ -saturated. Then 
p is strictly invariant over M . 

Proof. It is enough to show that p is an heir over M. Let (j){x, c) S p. By saturation of M, tp{c/A) 
is realized by some c' e M . But as p is invariant over A, (j){x, c') £ p as wanted. □ 

One of the main uses of strict invariance is the following criterion for making indiscernible 
sequences mutually indiscernible without changing their type over the first elements. 

Lemma 31. Let (ai)^^^and C be given, with Hi indiscernible over C and starting with a^. // 
Oi J_^J^'a<i, then there are mutually C-indiscernible {bij^^^^ such that bi ^atC on- 
Proof. (1): Enough to show for finite k by compactness. So assume we have chosen Aq, ...,a'^_i, 
and lets choose a'j. As On J^p*a<„, there are aQ...a'^_^ =Cao...a„-i o!Q---o!n-i ^^"^ such that 
a„ X'^* o!<n- -As a„ X!^-„ a'' for j < n, it follows by the inductive assumption and Definition 
[291^ 5) that a'- is indiscernible over Una'^j- On the other hand aQ...a'^_i J_,^a„, and so by basic 
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properties of forking there is some a'^ =Ca„ o.n indiscernible over Oq , a'^-i- Conclude by Lemma 

HI □ 

Remark 32. This argument is essentially from |She09[ Section 5]. 

We recall a result about forking and dividing in NTP2 theories from |CK12| . 

Fact 33. jCK12| Let T be NTP2 and M \= T. 

(1) Every p G S{M) has a global strictly invariant extension. 

(2) For any a, (j){x, a) divides over M if and only if (f){x, a) forks over M , if and only if for 
every (ai)i<tj' strict Morley sequence in i^{a/Ad), ai)}i<tj inconsistent. 

(3) In fact, just assuming that A is an extension base, we still have that 4>{x, a) does not divide 
over A if and only if (j){x, a) does not fork over A. 

3.1. Characterization of NTP2. Now we can give a method for computing the burden of a type 
in terms of dividing with each member of an '^'-independent sequence. 

Lemma 34. Let p{x) be a partial type over C . The following are equivalent: 

(1) There is an hxp-pattern of depth k in p{x). 

(2) There is d p{x), D D C and (aa)Q<„ such that Ua vL"^* o.<a and d Oa for all a < k. 

Proof. (1)=^(2): Let {aa,4'a{x,ya),ka)^^^ be an inp-pattern in p{x) with (oq) mutually in- 
discernible over C. Let qaiVa) be a non-algebraic type finitely satisfiable in and extending 
tp {aao/C). Let M D C {aa)^^,^ be (|C| + k) ^-saturated. Then is strictly invariant over M by 
Lemma [501 For a,i < k let ba^i \= qa \M(ba, j) < < i)3< ' = ^a,Q- Now we have: 



I 1st _ I 



'M 



• there is c? |= p{x) U {4>a{x,ea)}^^^: it is easy to see by construction that for any A e 
L{C) and ao < ... < a„-i < k, if |= A(ea(,, ea„_i), then |= A(aao,jo, aa„_i,i„_ J 
for some iOi---i*n-i < ^- By assumption on {o,a)^^^ and compactness it follows that 
p{x) U {<j>a{x,ea)}a<K Consistent. 

• (f)a{x,ea) divides over M: notice that {ba.a+i)^^^ is an M-indiscernible sequence starting 
with Cq, as ba^a+i H la \ M{ba a+j) -^^ ^^^"^ la IS finitely satisfiable in M. As tp(5Q) is 
finitely satisfiable in ac, we conclude that {(f)aix,ba.a+i)},^^^ is fc^ -inconsistent. 

(2)=>(1): Let d p{x), D D C and {(ia)a<:K such that J,,"^' a<Q and d J^'^ Oa for all a < k be 
given. Let e tp(d/ao,D) be a formula dividing over D, and let Oa indiscernible over D 

and starting with witness it. By Lemma [8] we can find a (aQ)^^^, mutually indiscernible over 
D and such that a'^ =acD CLa- It follows that {4'a{x,ya),a'^}a<K, inp-pattern of depth k in 

p{x). □ 
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Definition 35. We say that dividing satisfies generic local character if for every A C B and 
p{x) e S{B) there is some A' C B with \ A'\ < |r|+ and such that: for any (j){x, b) ep,iib A! , 
then 0(a;, &) does not divide over AA! . 

Of course, the local character of dividing implies the generic local character. We are ready to 
prove the main theorem of this section. 

Theorem 36. The following are equivalent: 

(1) T IS NTP2. 

(2) T has absolutely bounded -weight: for every M, b and (ai)i<|T|+ ^i~\J^'^<i> 

(3) T has bounded -weight: for every M there is some km such that given b and (ai)i<„j^ 
with Oi J_^'^* o<i, b J_^^^ Oi for some i < km- 

(4) T satisfies "Kim's lemma": for any M \= T, (f)(x,a) divides over M if and only if 
{ipi^i '^i)}i^uj inconsistent for every strict Morley sequence over M. 

(5) Dividing in T satisfies generic local character. 

Proof. (1) implies (2): Assume that there are M, b and (ai)j<|T|+ with X^^^^o-Ki and 6 J^^^a^ 
for aU i. But then by Lemma |Mlbdn(6/M) > |T| + , thus T has TP2 by LemmaHH 

(2) implies (3) is clear. 

(1) implies (4): by Fact [55i;i) + (2). 

(4) implies (3): assume that we have Af, b and (ai)j<^ such that, letting k = nj-^iMi-j+j 
tti J^^ja<i and b JJ^^^Oi for all i < k. We may assume that dividing is always witnessed by 
the same formula 4'{x, y). Extracting an Af -indiscernible sequence (aOj<w from {ai)^^^ by Erdos- 
Rado, we get a contradiction to (4) as {'/'(a:, a^}^^^ is still consistent, (a^ is a strict Morley 
sequence over M and 4'{x, Oq) divides over M. 

(3) implies (1): Assume that ip{x,y) has TP2, let A — {a.a)a<:uj with Oq — (aQi)i<ij be a very 
indiscernible array witnessing it (so rows are mutually indiscernible and the sequence of rows is 
indiscernible). Let A/ D ^ be some | A | ^-saturated model, and assume that km is as required 
by (3). Let A = 3j-2|mi^+ and /i — ^2^ ^ . Adding new elements and rows by compactness, 
extend our very indiscernible array to one of the form {aa)^^^^^, with = (aaOieA- ^^-^ 
the indiscernibility around it follows that fla a<Q for all a < /i. As there can be at most 2^ 
global types from Sx (M) that are finitely satisfiable in A, without loss of generality there is some 
p {x) G S\ (M) finitely satisfiable in A and such that Ua \= p (x) |Aa<c ■ 

By Lemma [30I p (x) is strictly invariant over Af . We choose (ba)^^^^^ such that ba H -PlMfc<Q • 
By the choice of A and Erdos-Rado, for each a < km there is ia < X and da such that da is an 

M -indiscernible sequence starting with bai^ and such that type of every finite subsequence of it is 

realized by some subsequence of ba ■ Now we have: 
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• dao l^'^j rf<aO (as dao = b^i^ and ^<")' 

• ip{x,dao) divides over M (as da is M-indiscernible and {(p {x , dai)\^^ is inconsistent by 
construction), 

• {v (2;, '^Qo)}Q<K;jvf is consistent (follows by construction). 
Taking some c ^ {95 (a^j '^ao)}Q<Kjvj ^ contradiction to (3). 

(5) implies (2): Let p{x) = tp(VS) with B = M U Ui<|T|+ ^i- Letting A = Af, it follows 
by generic local character that there is some A' C B with \A'\ < \T\, such that ^X-^.j^, a for 
any a B with a X, A' . Let i G |T| be such that i > {j : aj G A'}. Then Ui but also 

b JC'l.fj^^i (by left transitivity as A' J^^^ and & X^/ ^i) — a contradiction. 

(1) implies (5): Let p{x) G S (B) and A C _B be given. By induction on i < |T|^ we try to 
choose ai (z B and pi (a;, Ui) ^ p such that '^< j and ipi (x, a^) divides over a^iA. But then 

by Lemma [M] bdn(V^) > |r|+, thus T has TP2 by Lemma [H So we had to get stuck, and 
letting A' — [Jai witnesses the generic local character. □ 

Remark 37. (1) The proof of the equivalences shows that in (2) and (3) we may replace 
a Xc-* ^ "tp(a/feC) extends to a global type which is both an heir and a coheir over C". 
(2) From the proof one immediately gets a similar characterization of strongness. Namely, the 
following are equivalent: 

(a) T is strong. 

(b) For every Af, finite (or even singleton) b and (ai)j<(^ with Ui ^^^*^ci<i, ^vL^*^* ^^""^ 
some i < uj. 

(c) For every A C B and p{x) G S{B) there is some finite A' C B such that: for any 
if){x, b) £ p, if A', then (/)(x, b) does not divide over AA' . 

If we are working over a somewhat saturated model and consider only small sets, then we 
actually have the generic local character with respect to X" in the place of X'*'*. 

Lemma 38. Let (di),-^^and C be given, ai starting with ai. If di is indiscernible over a<iC and 
tti Xpa<i, then (ai)i<K almost mutually indiscernible over C. 

Proposition 39. Let T be NTP2. Let M be n-saturated, p{x) G S{M) and A C M of size < k. 
Then there is A C A' CZ M of size < k such that for any (/){x, a) £ p, if a ^^^A' then <j){x, a) does 
not fork over A' . 

Proof. Assume not, then we can choose inductively on a < |r| + : 

(1) Oq. C Af such that Oafi X^ Aa and da is Aa-indiscernible, Aa — AU IJ^^^j dp. 

(2) <j)a{x,ya) such that (l)a{x,aafl) Gp and {<j)a{x,aa.i)}i^^ is inconsistent. 

(1) is possible by saturation of M. But then by Lemma 1381 ('^a)Q<|T|+ are almost mutually 
indiscernible. □ 
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3.2. Dependent dividing. 

Definition 40. We say that T has dependent dividing if given M < N and p{x) G S{N) dividing 
over M, then there is a dependent formula (j){x,y) and c £ N such that (j){x,c) G p and (j){x,c) 
divides over M. 

Proposition 41. (1) If T has dependent dividing, then it is NTP2. 
(2) IfT has simple dividing, then it is simple. 

Proof. (1) In fact we wih only use that dividing is always witnessed by an instance of an NTP2 
formula. Assume that T has TP2 and let (t>{x, y) witness this. Let Tsk be a Skolemization 
of T, 4>{x, y) still has TP2 in Tsk- Then as in the proof of Theorem l361 for any k we can find 
(^*)i<K' ^ ^^'^ such that a \= {(f>{x,hi)}^^^, (f)(x,bi) divides over M and tp(6i/6<iM) 
has a global heir-coheir over M, all in the sense of Tgk. Taking Mi = Sk(Affei) |= T, and 
now working in T, we still have that a Mi and Mi J^^^ M<i (as tp{Mi/M^iM) still 
has a global heir-coheir over M). But then for each i we find some di G Mi and NTP2 
formulas (j3i{x,yi) £ L such that a |= {(j)i{x, di)} and (j)i{x,di) divides over M, witnessed 
by di starting with di. We may assume that (pi = 0', and this contradicts 0' being NTP2. 
(2) Similar argument shows that if T has simple dividing, then it is simple. 

□ 

Of course, if T is NIP, then it has dependent dividing, and for simple theories it is equivalent to 
the stable forking conjecture. It is natural to ask if every NTP2 theory T has dependent dividing. 

3.3. Forking and dividing inside an NTP2 type. 

Definition 42. A partial type p{x) over C is said to be NTP2 if the following does not exist: 
('^")a<Lj' 4>ixiy) s-iid k < uj such that {(j){x, aai)}i^^ is ^-inconsistent for every a < uj and 
aQ^(Q))}^^^ LI p{x) is consistent for every f : uj ^ uj. Of course, T is NTP2 if and only if 
every partial type is NTP2. Also notice that if p{x) is NTP2, then every extension of it is NTP2 
and that q{{xi)i<^K) ~ Ui<KP(^j) i*' NTP2 (follows from Theorem [Tl]) . 

For the later use we will need a generalization of the results from [CK12| working inside a 
partial NTP2 type, and with no assumption on the theory. 

Lemma 43. Let p{x) be an NTP2 type over M. Assume that p{x) U {(t>{x,a)} divides over M, 
then there is a global coheir q{x) extending tp{a/M) such that p{x) U {4>{x, ai)}j<w inconsistent 
for any sequence (a^)-^^ with a, \= g|a<,M- 

Proof. The proof of [CK121 Lemma 3.12] goes through. □ 
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Lemma 44. Assume that tp(ai/C) ~ p{x) for all i and that tp{ai/a^iC) has a strictly invariant 
extension to p(M) U C. Then there are mutually C -indiscernible {bi)^^^ such that bi =aiC o,i- 

Proof. The assumption is sufficient for the proof of Lemma [31] to work. □ 

Lemma 45. Let p{x) over M be NTP2, a e p(M), c G M and assume that p{x) U {4){x,ac)} 
divides over M. Assume that tp(a/Af) has a strictly invariant extension p' [y) G S'(p(M)). Then 
for any {ai)^^^ such that ^ p'\a^iM, p{x) U aic)}^^^ is inconsistent. 

Proof. Let (apc) with 09,0 = oo be an M-indiscernible sequence witnessing that p{x) U {4'{x, agc)} 
divides over M . Let be its image under an Af-automorphism sending oq to a^. By Lemma [?lT 2) 
we can find \f>i\^^ mutuaUy indiscernible over M and with bi =aiM By the choice of 6j's and 
compactness, there is some G p{x) such that {ip{x) A (j){x,bijc)}j^^ is fc-inconsistent for all 
i < Lu. It follows that p{x) U {(t>{x, ajc)},-^^ is inconsistent as p is NTP2. □ 

We need a version of the Broom lemma localized to an NTP2 type. 

Lemma 46. Let p{x) be an NTP2 type over M and p'(x) be a partial global type invariant over 
M. Suppose that p{x) Up' (a;) h \/ i^n<pi{x,c) and each 4>i{x,c) divides over M. Then p{x) Up'{x) 
is inconsistent. 

Proof. Follows from the proof of |CK12( Lemma 3.1]. □ 

Corollary 47. Let p{x) be an NTP2 type over M and a G p(M). Then tp(a/Af) has a strictly 
invariant extension p' {x) G S'(p(M) U A/). 

Proof. Following the proof of |CK121 Proposition 3.7] but using Lemma in place of the Broom 
lemma. □ 

And finally, 

Proposition 48. Let p{x) be an NTP2 type, a G p(M)UAf and assume that {(f){x , a)} U p{x) does 
not divide. Then there isp'{x) G S{p{M)UM) which does not divide over M and {(j){x,a)}Up{x) C 
p'{x). 

Proof. By compactness, it is enough to show that if p{x) U {4>{x,ac)} h \J i^^-^<j)i{x,aiCi) with 
a,ai G p(M) and c,Ci G M, then p{x) U {(j)i{x,aiCi)} does not divide for some i < n. As in the 
proof of |CK121 Corollary 3.16], let I a-'aQ...a^_]^ J be a strict Morley sequence in tp(aao...a„_i), 



which exists by Lemma l47l Notice that ( a-'caoCo...a:Ji_iC„-i ) is still indiscernible over M. 

Then p(x) U \j\>(x^ '^"''')}j<cj consistent, which implies that p{x) U |(/ii(a;, a^Ci)| is consistent 
for some i < n. But then by Lemma H51 p{x) U {0i(a:, 0^0^)} does not divide over M — as 
wanted. □ 
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4. NIP TYPES 

Let T be an arbitrary theory. 

Definition 49. (1) A partial type p{x) over C is called NIP if there is no (j){x, y) G L, (ai)-^^ 
with ai 1= p{x) and (&s)^ctj such that |= (/'(oi, 6s) 4=> i £ s. 

(2) The roles of a's and fe's in the definition are interchangeable. It is easy to see that any 
extension of an NIP type is again NIP, and that the type of several realizations of an NIP 
type is again NIP. 

(3) p{x) is NIP ^ dprk(p) < |T|+ <^ dprk(p) < oo (see Definition [20|) . 

Lemma 50. Let p(x) be an NIP type. 

(1) Let a = i'^a)a<K indiscernible sequence over A with a a fromp{Wl), andc be arbitrary. 
If K — {\aa\ + |c|)^, then some non-empty end segment of a is indiscernible over Ac. 

(2) Let (00)0,^^ be mutually indiscernible (over with — io-ai)i^\ frompiNl). Assume 
that a = {aQiaii...)^^^ is indiscernible over A. Then {aa)a<K, mutually indiscernible 
over A. 

Standard proofs of the corresponding results for NIP theories go through, see e.g. |Adl08| . 

4.1. Dp-rank of a type is always witnessed by an array of its realizations. In |KS12| 

Kaplan and Simon demonstrate that inside an NTP2 theory, dp-rank of a type can always be 
witnessed by mutually indiscernible sequences of realizations of the type. In this section we show 
that the assumption that the theory is NTP2 can be omitted, thus proving the following general 
theorem with no assumption on the theory. 

Theorem 51. Let p{x) be an NIP partial type over C, and assume that dprk(p) > k. Then there 
is C D C , b \= p{x) and (aa)^^^ with Oq, — {o-aiji^t^ such that: 

• O'ai H P{^) foT 0,11 C(, i 

• {'^a)a<CK '^'"6 mutually indiscernible over C 

• None of a a is indiscernible over bC . 

• \C'\ < \C\+K. 

Corollary 52. It follows that dp-rank of a 1-type is always witnessed by mutually indiscernible 
sequences of singletons. 

We will use the following result from j CSlOi Proposition 1.1]: 

Fact 53. Let p{x) be a (partial) NIP type, A C p(M) and 4i{x, c) given. Then there is 9{x, d) with 
d e p{M) such that: 

(1) eiA,d)^cp{A,c), 
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(2) e{x,d) Up{x) 0(x,c). 
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We begin by showing that the burden of a dependent type can always be witnessed by mutuahy 
indiscernible sequences from the set of its realizations. 

Lemma 54. Letp{x) be a dependent partial type over C of burden > k. Then we can find {da) 
witnessing it, mutually indiscernible over C and with di C p(M) U C . 

Proof. Let A be large enough compared to \C\. Assume that bdn(p) > k, then by compactness 
we can find (6aj 0q(2;, J/q): ^q) such that b^ — {bai)i^x, {'t'ai^Tbai)}^^^ is fc^-inconsistent and 
p{x) U {(f>a{x,baf(a))} ^^ji is consistent for every / : k ^ A, let Uf realize it. Set A ~ {a^j^^^^ C 
p{M). 

By Fact I53[ let Oai{x,dai) be an honest definition of (f>a{x,bai) over A (with respect to p{x)), 
with dai G p(M). As A is very large, we may assume that 0ai — 9a- 

Now, as 9a{x,dai) U — (j)a{x,bai), it follows that there is some ipaix,c) e p such that 
letting Xa{x,yiy2) = Oa{x,yi) A )}i<Lo fca-inconsistent. 

On the other hand, {xa{x,daf(a)Ca)} Up(x) is consistent, as the corresponding Of realizes 
it. Thus this array still witnesses that burden oi p is at least k. □ 

We will also need the following lemma. 

Lemma 55. Let p{x) be an NIP type over M \^ T 

(1) Assume that a G p(M) U M and (t>{x, a) does not divide over M , then there is a type 
q{x) e ^(^(M) U M) invariant under M -automorphisms and with 4'{x, a) £ q. 

(2) Letp'{x) D p{x) be an M invariant type such that p^'^^ is an heir-coheir over M . If{(ii)i^i^ 
is a Morley sequence in p' and indiscernible over bM with b G p(M), then tp(b/MI) has 
an M -invariant extension in S{p{Wl) U M). 

Proof. (1) As NIP type is in particular an NTP2 type, by Lemma l48l we find a type q{x) G 5(p(M)) 
which doesn't divide over M and such that (j){x, a) G q. It is enough to show that q{x) is Lascar- 
invariant over AI. Assume that we have an Af-indiscernible sequence (ai)i<t^.in p(M) such that 
(j){x, ao) A ~'4>{x, fli) Cz q. But then {4>{x, a2i) A 4'{x, a2i+i)}^^^ is inconsistent, so q divides over M 
— a contradiction. Easy induction shows the same for ao and ai at Lascar distance n. 

(2) By Lemma gS] and (I). □ 

Now for the proof of Theorem \51\ The point is that first the array witnessing dp-rank of our 
type p{x) can be dragged inside the set of realizations of p by Lemma [5^ Then, combined with the 
use of Proposition [55] instead of the unrelativized version, the proof of Kaplan and Simon [KS12| 
Section 3.2] goes through working inside p(M). 
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Problem 56. Is the analogue of Lemma [Ml true for the burden of an arbitrary type in an NTP2 
theory? 

We include some partial observations to justify it. 

Proposition 57. The answer to the Problem \54\ is positive in the following cases: 

(1) T satisfies dependent forking (so in particular if T is NIP). 

(2) T is simple. 

Proof. (1): Recall that if hdn{p) > k, then we can find (bi)-^^, o, \= P and M D C such that 
a JJ^j^j bi and hi J,,'^^ 6<i- Notice that p{x) still has the same burden in the sense of a Skolemization 
T^^. Choose inductively Mi D Af U b, such that Mi b<„ let M, = Sk{M U b,). Let (j){x, b,) 
be witness this dividing with 4>{x, y) an NIP formula, we can make bi mutually indiscernible. Now 
the proof of Lemma [54] goes through. 

(2): Let p{x) e S{A), a ^ p{x) and let {bi)i^f^ independent over A, with aj^^bi. Without 
loss of generality A ~ Consider tp(a/6o) and take / = (ai)j<|7-|+ such that a"/ is a Morley 
sequence in it. By extension and automorphism we may assume 6>o -X^jt, ^^ together with a J^^^ I 
implies &>o thus 6>o X I (as &>o &o)- 

Assume that / is a Morley sequence over 0, then by simplicity 60 for some i, contradicting 
Oi =bo a and a,J[^bo. Thus by indiscernibility a a<„ for some n, while {a<„} U 6>o is an 
independent set. 

Repeating this argument inductively and using the fact that the burden of a type in a simple 
theory is the supremum of the weights of its completions (Fact [M)) allows to conclude. □ 

4.2. NIP types inside an NTP2 theory. We give a characterization of NIP types in NTP2 
theories in terms of the number of non-forking extensions of its completions. 

Theorem 58. Let T be NTP2, and let p{x) be a partial type over C . The following are equivalent: 

(1) p is NIP. 

(2) Every p' ^ p has boundedly many global non-forking extensions. 

Proof. (1)^(2): A usual argument shows that a non-forking extension of an NIP type is in fact 
Lascar-invariant (see Lemma [55]) . thus there are only boundedly many such. 

(2)=^(1): Assume that p{x) is not NIP, that is there are / = (&i)iew such that such that for any 
s C a;, Ps{x) — p{x)U{(j){x, bi)}^^^U{-'(j){x, bi)}^^^ is consistent. Let q{y) be a global non-algebraic 
type finitely satisfiable in /. Let M D IC be some |/C|+-saturated model. It follows that gf"^' 
is a global heir-coheir over M by Lemma 1301 Take an arbitrary cardinal k, and let J ~ {ci)^^i^ 
be a Morley sequence in q over M. We claim that for any s Q k, Psix) does not divide over M. 
First notice that Ps{x) is consistent for any s, as tp(J/A/) is finitely satisfiable in /. But as for 
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any k < uj, {ckiCki+i---Ck(i+i)-i)i<ij is a Morley sequence in q^'^\ together with Fac1 l33l this imphes 
that Psix)\c„...Ck-i does not divide over M for any k < uj, thus by indiscernibiUty of J, Ps{x) does 
not divide over M, thus has a global non-forking extension by Fact 1331 

As there are only boundedly many types over M, there is some p' £ S{M) extending p, with 
unboundedly many global non-forking extensions. □ 

Remark 59. (2)=>(1) is just a localized variant of an argument from |CKS12| . 

5. Simple types 

5.1. Simple and co-simple types. Simple types, to the best of our knowledge, were first defined 
in [HKPOOt §4] in the form of (2). 

Definition 60. We say that a partial type p{x) G S{A) is simple if it satisfies any of the following 
equivalent conditions: 

(1) There is no (j){x,y)^ {'^v)rieu<^ ''^^'^ k < lu such that: {'/'(a^, ar;i)}i<a; fc-inconsistent for 
every rj £ w^'^ and {(f'{x,an\i)}^^^ U p{x) is consistent for every t] G uj'^ . 

(2) Local character: li B D A and p{x) C q[x) G S{B), then q{x) does not divide over AB' 
for some B' C B, \B'\ < \T\. 

(3) Kim's lemma: If {4>{x,b)} \Jp{x) divides over B D A and (&i)i<a; is a Morley sequence in 
tp(6/i?), then U {(f>{x,bi)}i^i^ is inconsistent. 

(4) Bounded weight: Let B ^ A and k > If a |= p{x) and (bi)i^i^ is such that 
bi 6<i, then a J_^^ fe^ for some i < k. 

(5) For any _B D A, if 6 J^^ a and a |= p{x), then a J_^^ 6. 

Proof. 

(1) ^(2): Assume (2) fails, then we choose (j>a{x,ba) G q{x) fc^-dividing over AUBa, with 

Ba ~ {i'p}f3<a ^ B, \Ba\ < \a\ by induction on a < |T| + . Then w.l.o.g. (pa — (j) 
and ka = k. Now construct a tree in the usual manner, such that a^i)}i<tj is 

inconsistent for any rj G lo^'^ and {4i{x, aj^\i)}i<u ^p{x) is consistent for any rj G w". 

(2) ^(3): Let / = (|r| + )*, and {bi)^^! be Morley over B in tp(VS). Assume that a ^ p{x) U 

{(/)(a;, By (2), tp(a/(6i)ig/i?) does not divide over B{bi)i^ig for some Iq C /, 

\Io\ < \T\. Let if) G I, iQ < Iq- Then {bi)i^jg ^^big, and thus (j){x,big) divides over 
BIq - a contradiction. 

(3) ^(4): Assume not, then by Erdos-Rado and finite character find a Morley sequence over B 

and a formula (f){x,y) such that |= (j){a,bi) and (f>{x,bi) divides over B, contradiction 
to (3). 

(4) =4>(5): For k as in (4), let / = {bi)i^^ be a Morley sequence over B, indiscernible over Ba and 

with 6o = By (4), a J^^ fe^ for some i < k, and so a J^^ 6 by indiscernibiUty. 
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(5)=>(1): Let (&,,),jgtj<'^ witness the tree property of (f){x,y), such that 6^|i)}i<(j U p{x) is 

consistent for every rj G oj". Then by Ramsey and compactness we can find {bi)i<ci_j 
indiscernible over a, [= 4>{a, hi) and bi) divides over b^iA. Taking B ~ ^U{6i}i<i^ 
we see that a ^^lil^ XJq'^ (^^ it is finitely satisfiable in B by indiscernibility) 

- a contradiction to (5). 

□ 

Remark 61. Let p{x) G S{A) be simple. 

(1) Any q{x) D p{x) is simple. 

(2) Let p{x) e S{A) be simple and C C p{M). Then tp(C/yl) is simple. 

Proof. (1): Clear, for example by (1) from the definition. 

(2): Let C — {ci)i<n, and we show that for any B D A, lib X^ C, then C X^ b by induction on 
the size of C. Notice that & Xg^, '^n and c„ |= p, thus c„ By the inductive assumption 

c<7i l.gb, thus c<n J_^gb. □ 

We give a characterization in terms of local ranks. 

Proposition 62. The following are equivalent: 

(1) p{x) is simple in the sense of Definition \6(A 

(2) D{p, A, fc) < a; for any finite A and k < lo. 



Proof. Standard proof goes through. □ 

Lemma 63. Let p{x) E S{A) be simple, a \= p{x) and B ^ A arbitrary. Then a X^ ^ f'^^ some 
\Bo\ < |T| + . 

Proof. Standard proof using ranks goes through. □ 



It follows that in the Definition |60] we can replace everywhere "dividing" by "forking". 

Lemma 64. Let p{x) G S{A) be simple. If A is an extension base, then {0(a;,c)} U forks 
over A if and only if it divides over A. 

Proof. Assume that c)} Up(x) does not divide over A, but {(^(x,c)} Up(x) h Vi<n '^*(^' '^«) 

and each of (j)i{x,Ci) divides over A. As A is Rii extension base, let {ciCQ ^.-.c^i—x i) be a Morley 
sequence in tp(cco...c„_i/74). As p{x) U {4>{x^ c)} does not divide over A, let a |= p{x) U {4>{x^ Ci)}, 
but then p{x) U Ci.j)}j<tj is consistent for some i < n, contradicting Kim's lemma. □ 

Problem 65. Let q{x) be a non-forking extension of a complete type p{x), and assume that q(x) 
is simple. Does it imply that p{x) is simple? 
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Unlike stability or NIP, it is possible that (l){x,y) does not have the tree property, while 
4>* {x' ,y') = (f){y',x') does. This forces us to define a dual concept. 

Definition 66. A partial type p{x) over A is co-simple if it satisfies any of the following equivalent 
properties: 

(1) No formula <f>{x,y) G L{A) has the tree property witnessed by some (a^)^gtj<tj with 
a,, C p(M). 

(2) Every type q{x) G S{BA) with B C p(M) does not divide over AB' for some B' C B, 
\B'\<{\A\ + \T\) + . 

(3) Let (ai)i<t^ C p(M) be a Morley sequence over BA, B C p(M) and (j){x,y) G L{A). If 

ao) divides over BA then {0(2:, ai)}i<Lj is inconsistent. 

(4) Let B C p{M) and k > 3^2|bi+iai)+- If C p(M) is such that 6, i.;^5fe<i and a 
arbitrary, then a J^^^ bi for some i < n. 

(5) For B C p(M), if a h P and a J^^^ 6, then 6 «• 

Proof. Similar to the proof in Definition [501 D 

Remark 67. It follows that if 73(2;) is a co-simple type over A and S C p(M), then any q{x) G S{AB) 
extending p is co-simple (while adding the parameters from outside of the set of solutions of p may 
ruin co-simplicity). 



It is easy to see that T is simple <^ every type is simple every type is co-simple. What is 
the relation between simple and co-simple in general? 

Example 68. There is a co-simple type over a model which is not simple. 

Proof. Let T be the theory of an infinite triangle-free random graph, this theory eliminates quan- 
tifiers. Let Af ^ T, TO G M and consider p{x) — {xRm\ U {^xRa\ aeM\{m} ~ a non-algebraic type 
over M . As there can be no triangles, if a, 6 |= p{x) then -^aRb. It follows that for any A C p(M) 
and any B, B A B Ci A ^ 9. So p{x) is co-simple, for example by checking the bounded 
weight (Definition [551^4') ) . 

For each a < u, take such that h'^^Rh'^^ for all i ^ j. and no other edges 

between them or to elements of M. Then ixRb', A xRb'' A . is 2-inconsistent for every a, 
while p{x) U \ xRb' , A xRh'' , \ is consistent for every : a; — 5- cj. Thus pix) is not 
simple by Definition IBUT l). □ 

However, this T has TP2. 

Problem 69. Is there a simple, non co-simple type in an arbitrary theory? 
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5.2. Simple types are co-simple in NTP2 theories. In this section we assume that T is NTP2 
(although some lemmas remain true without this restriction). In particular, we will write to 
denote non-forking/non-dividing when working over an extension base as they are the same by 
Fact Els). 

Lemma 70. Weak chain condition: Let A he an extension base, p{x) G S{A) simple. Assume that 
a \= p{x), I = {bi)i^i^ is a Morley sequence over A and a 60 • Then there is an aA-indiscernihle 
J =Abo I satisfying a J^^J. 

Proof. Let a \= fog): then {(/)(a;, 60)} Up(x) does not divide over A. 
Claim. {<j){x, Bq) A 4'{x, bi)} U p{x) does not divide over A. 

Proof. Asp{x) satisfies Definition[60l3). (&2i&2i+i)i<uj is a Morley sequence over A and {4>{x, 6i)}i<a;U 
p{x) is consistent. □ 

By iterating the claim and compactness, we conclude that [Ji^^pix,bi) does not divide over 
A, where p{x,bQ) = tp(a/&o)- As A is an extension base and forking equals dividing, there is 
a' \= [Ji^i^p{x^bi) satisfying a' J^^-^- By Ramsey, compactness and the fact that a'bi =a aba we 
find a sequence as wanted. □ 

Remark 71. If fact, in [BYC] we demonstrate that in an NTP2 theory this lemma holds over 
extension bases with / just an indiscernible sequence, not necessarily Morley. 

Lemma 72. Let A be an extension base, p G S{A) simple. For i < u, Let a,; he a Morley sequence 
in p{x) over A starting with ai, and assume that {ai)i^i^ is a Morley sequence inp{x). Then we 
can find bi =Aai o,i such that (6i)i<tj are mutually indiscernible over A. 

Proof. W.l.o.g. A = %. 

First observe that by simplicity of p, {ai}i<i^ is an independent set. 
For i < Lo, we choose inductively bi such that: 

(1) bi ai 

(2) bi is indiscernible over a^ib<^i 

(3) a>i+i6<i J__ fli+i 

(4) a>,;+i X 

Base step: As a>o -X^ oo ^iid tp(a>o) is simple by Remark 16 II and Lemma |70I we find an a>o- 
indiscernible =ao ^0 with a>o &o- 

Induction step: Assume that we have constructed bo, By (3) for i — 1 it follows that 

ci>ib<i X '^i- Again by Remark [611 and Lemma iTOl we find an a>i6<i-indiscernible sequence bi =0; 
Oi such that ayib<:i bi. 
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We check that it satisfies (3): As all tuples are inside p(M), we can use symmetry, transitivity 
and = J__-'' freely. And so, a>i+iai+ib<i a>i+i6<i J_^^^^^ 5^ + a>i+i6<,; ^ ai+i(as 

a>i+i a-i+i and 6<j a>i+i by (4) for i - 1) ^ a>i+i6<j ^»ai+i ^ a>.j+i6<i J_^^^ at+i + 
bi a.j+1 =^ a>.j+i5<i a^+i. 

We check that it satisfies (4): As a^ib^i X 6i a>i J^j 6i + a>i 6<i by (4) for z — 1 ^ 

Having chosen {bi)i<^i^ we see that they are almost mutually indiscernible by (1) and (2). Con- 
clude by Lemma 131 □ 

Lemma 73. Let T be NTP2, A an extension base and p[x) G S{A) simple. Assume that (j){x,a) 
divides over A, with a |= p{x). Then there is a Morley sequence over A witnessing it. 

Proof. As A is an extension base, let M ^ Ahe such that M J^^ a. Then (j){x, a) divides over M. 
By Fact I33f 1). there is a Morley sequence (ai)i<tj over Af witnessing it (in particular {ai)i^i^ C 
p(M)). We show that it is actually a Morley sequence over A. Indiscernibility is clear, and we check 
that flj J^^a<i by induction. As J^J^^^a<i, a<i m simplicity of tp(a<i/M). Noticing 

that M Oi, we conclude a<i a^, so again by simplicity a; J_^^ □ 

Proposition 74. Let T be NTP2, A an extension base and p{x) G S{A) simple. Assume that 
a\= p and a J^'^ b. Then b J_^^ a. 

Proof. Assume that there is (t>{x, a) G L{Aa) such that |= (f)(b, a) and (j){x, a) divides over A. Let 
(Qi)j<" be a Morley sequence over A starting with a. Assume that ai)}i<^ is consistent. Let 
ao be a Morley sequence witnessing that 4){x,ao) fc-divides over A (exists by Lemma [73)) . and let 
(ii be its image under an A-automorphism sending oq to a;. By Lemma 1721 we find a'^ =aiA Si, 
such that (a^)i<tj are mutually indiscernible. But then we have that {(/'(x, ai.ri(i))}i<u is consistent 
for any rj G w", while {4>{x, ajj)}j<;j is fc-inconsistent for any i < uj — contradiction to NTP2. 

Now let (ai)i<(j be a Morley sequence over A starting with a and indiscernible over Ab. Then 
clearly b \= {(p{x, ai)}i<Lj ^'^^ 0) ^ tp(6/a^), so by the previous paragraph b J^^ a. □ 

Lemma 75. Let p{x) be a partial type over A. Assume that p{x) is not co-simple over A. Then 
there is some M A, a \= p{x) and b such that a b but b ^' 

Proof. So assume that p{x) is not co-simple over A, then there is an L(A)-formula (f)(x,y) and 
(a,,)^g^<^ — p(M) witnessing the tree property. Let T^^ be a Skolemization of T, then of course 
(j){x, y) and a,, still witness the tree property. As in the proof of (5)=>(1) in Definition 1661 working 
in the sense of we can find an ^6-indiscernible sequence (ai)i<cj+i p{^) such that (f>{x, ai) 
divides over Aa^i and b |= {4>{XjO-i)}i<ui+i- ^ — i^i)i<uj ^^"^ Sk(^/) — M \= T. It follows 
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that -Xjv/ ^ (^■^ indiscernibility) and that b J^^^a^^ (as M e a.cl{Aa^^)) — also the sense of T, 
as wanted. □ 

Theorem 76. Let T be NTP2; A an arbitrary set and assume that p{x) over A is simple. Then 
p{x) is co-simple over A. 

Proof. If p{x) over A is not co-simple over A, then by Lemnia[75]we find some M D A, a \^ p and 
b such that a J^^/ but b X^,^ As AI is an extension base, it follows by Proposition [7^ that 
tp(a/Af ) is not simple, thus p{x) is not simple by Remark 16 If 1) — a contradiction. □ 

Corollary 77. Let T be NTP2 and p{x) G S{A) simple. 

(1) If a ^p{x) then a ^ ^b b X, 

(2) Right transitivity: If a\= p{x), B D A, a B and a C then a J_^^ C . 

5.3. Independence and co-independence theorems. 

In [KimOlj Kim demonstrates that if T has TPi, then the independence theorem fails for types 
over models, assuming the existence of a large cardinal. We give a proof of a localized and a dual 
versions, showing in particular that the large cardinal assumption is not needed. 

Definition 78. Let p{x) be (partial) type over A. 

(1) We say that p{x) satisfies the independence theorem if for any 61 62 and ci =^^^^ C2 C 
p(M) such that ci J_^'^ bi and C2 62, there is some c J^'^ 6162 such that c =6^^ ci and 

C =62 A C2. 

(2) We say that p{x) satisfies the co-independence theorem if for any bi ^^^2 and ci =^^*'^ 
C2 h= P such that 61 J^^ ci and 62 C2 , there is some c \= p such that 6162 c and 

C =Afci Ci, C =Afc2 C2- 

Of course, both the independence and the co-independence theorems hold in simple theories, 
but none of them characterizes simplicity. 

Proposition 79. Let T be NTP2 and p{x) is a partial type over A. 

(1) If every p' (x) Dp with p' (x) £ S{M), M D A satisfies the co-independence theorem, then 
it is simple. 

(2) If p(x) satisfies the independence theorem, then it is co-simple. 

Proof. (1) Without loss of generality A ~ (I). Assume that p is not simple, then by Fact [55] there 
are sonic formula (f)(x,y) , (aj7)^g^j<u such that: 

• {'/'(s^j jgj^ U p{x) is consistent for every 77 G cj". 

• </)(a;, a,;) A (l>{x, a,,') is inconsistent for any incomparable ry, 77' G w^". 
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By compactness we can find a similar tree of size k large enough. Let T^^ be some Skolemization 
of T, and we work in the sense of T^^. 

Claim. There is a sequence {cidi)-^^ satisfying: 

(1) {0(2^, Ci)}jg^ Up{x) is consistent. 

(2) Ci, di start an infinite sequence indiscernible over c^id<^i. 

(3) di) A 4>{x, dj) is inconsistent for any i ^ j £ uj. 

Proof. Why? By induction we let Ci — asj...s._js. and di ~ as-^...si_iti for some Si ^ U E k such that 
there is a c<iC?<i-indiscernible sequence starting with ctsj . .j^ jsi , asi...si_iti (exists by Erdos-Rado 
as K is large enough), so we get (2). We get (1) and (3) by the assumption on (a,,)^eK<'=- ^ 

By compactness and Ramsey we can find a and (ci'^j)i<a;+i indiscernible over a, satisfying 
(l)-(3) and such that a |= p{x) U {0(a;, Ci)}. 

Let M = Sk{cidi)i^i^, a model of T^^. Then we have c„+i J^^jO and J^^f ^•^ indis- 
cernibility. As c^jC?^ start an M-indiscernible sequence, there is cr e Aut{M. /M) sending c^j to 
di^. Let a' = cr(a), then a' =^'^ a, duj J^^^a' (as c,^ J^-m'^ ^•^ indiscernibility) and (j){a',d^). 
But (/)(x, Ct^+i) A (t){x^d^) is inconsistent by (3) + (2) — so the co-independence theorem fails for 
p' = tp(a/M). 

(2) Similar. □ 

Now we will show that in NTP2 theories simple types satisfy the independence theorem over 
the extension bases. We will need the following fact from |BYC| . 

Fact 80. Let T he NTP2 and M |== T. Assume that c J_,^^ ab, h ^ a, b' ± a, b=M b' . Then 
there exists c' J_,J^J ab' and c'b' =m cb, c'a =m ca. 

Proposition 81. Let T he NTP2 and p{x) a simple type over M ^ T. Then it satisfies the inde- 
pendence theorem: assume that ei Xj^^ £2, di ^^^^ et, di =m d2 ^ p{x). Then there is d ^ 6162 
with d =eiA di. 

Proof. First we find some e'l J^^^ (^262 and such that e[d2 =m ^idi (Let a E Aut(M /M) be such 
that (7{di) — d2, then a{ei)d2 =m eidi. As ei simplicity of tp((ii/M), cr(ei) ^2- Let 

e'l realize a non-forking extension to ^262)- Then we also have c?2 sLj\/^i^2 (by transitivity and 
symmetry using simplicity of tp(c?2/Af )). 

Applying Fact [8OI with a — e2,h — e[, b' = ei, c = d2 we find some d J^^^^ 6162, de\ =m d2e[ =m 
diei and de2 = (^262 — as wanted. □ 

We conclude with the main theorem of the section. 



Theorem 82. Let T he NTP2 and p{x) a partial type over A. Then the following are equivalent: 
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(1) p{x) is simple (in the sense of Definition \6(J\) . 

(2) For any B D A, a \= p and b, a J_^^ 6 if and only if b ^^a. 

(3) Every extension p'{x) D p{x) to a model M D A satisfies the co-independence theorem. 

Proof. (1) is equivalent to (2) is by Definitions [TOl and Corollary [771 
(1) implies (3): By Proposition \ST\ and Corollary [771 

(3) implies (1) is by Proposition |79l □ 



Problem 83. Is every co-simple type simple in an NTP2 theory? 

We point out that at least every co-simple stably embedded type (defined over a small set) is 
simple. Recall that a partial type p{x) defined over A is called stably embedded if for any c) 
there is some tpix, y) e L{A) and d G p{M) such that p(M)" n <j>{x, c) = p(M)" n ip{x, d). If p{x) 
happens to be defined by finitely many formulas, it is easy to see by compactness that ^/'(a;, y) can 
be chosen to depend just on (j){x,y), and not on c. But for an arbitrary type this is not true. 

Proposition 84. Let T be NTP2. Let p{x) be a co-simple type over A and assume that p is stably 
embedded. Then p{x) is simple. 

Proof. Assume is not simple, and let (a^)^gt^<ij, k and 4>{x,y) witness this. We may assume 
in addition that (a^) is an indiscernible tree over A (that is, ss- indiscernible in the terminology of 
|KKS12| . see Definition 3.7 and the proof of Theorem 6.6 there). 

By the stable embeddedness assumption, there is some ip(x, z) G L{A) and b C p{M) such that 
■^(a;, b) n p(M) = (t){x^ aijj) n p(M). It follows by the indiscernibility over A that for every 77 G w^" 
there is 6,, C p{M) satisfying ij{x,b^) r\p{M) = (/)(a::, a,,) np(M). 

As {0(a;, a0i)}j<^^ is fc-inconsistent, it follows that {^"(2^1 ^0i)}i<;j U p{x) is /c-inconsistent, thus 
{"0(0;, 50j)}^^^ U {x(2;)} is /c-inconsistent for some x(x) G p by compactness and indiscernibility. 
Again by the indiscernibility over A we have that {-0(0;, 6^^)}^^^ U {x(a;)} is fc-inconsistent for 
every 77 G uj^'^ . It is now easy to see that il>'{x,z) — tp(x,z) A xi^) ^i^d (^»)),^g(^<oj witness that 
p{x) is not co-simple over A. □ 

Remark 85. If p{x) is actually a definable set, the argument works in an arbitrary theory since 
instead of extracting a sufficiently indiscernible tree (which seems to require NTP2), we just use 
the uniformity of stable embeddedness given by compactness. 

6. Examples 

In this section we present some examples of NTP2 theories. But first we state a general lemma 
which may sometimes simplify checking NTP2 in particular examples. 
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Lemma 86. 

(1) //(aQ,0Q,o(a;,2/a,o) V0Q,i(a;, ka)a<K is an mp-pattern, then {aa,(j)aj{a){x,Vaj{a)), 
ka)a<K is an mp-pattern for some f : k, {0, 1}. 

(2) Let {aa,(t>a{x,ya),ka)^^i^ be an inp-pattern and assume that (l)a{x, Uao) ^ "fpoiixjba) for 
a < K. Then there is an mp-pattern of the form ^a{x, Za), ^a) ^^i^- 

6.1. Adding a generic predicate. Let T be a first-order theory in the language L. For S{x) G L 
we let Lp ^ LU and T^g = T U {Va; {P{x) S{x))}. 

Fact 87. |CP98| Let T be a theory eliminating quantifiers and 3°° . Then: 

(1) Tp g has a model companion Tp s, which is axiomatized by T together with 



Vz 



3x(t){x, z) ^{xr\ aclL(z) = 0) A A,<„ S{xi) A /\^^^^^ x, ^ Xj 



for every formula (/)(a;, z) G L, x — XQ...Xn-\ and every I C_ n. It is possible to write it in 
first-order due to the elimination of 3°°. 

(2) aclL(a) = aclLp(a) 

(3) a b ■<=?■ there is an isomorphism between Lp structures f : acl(a) — > acl(6) such that 
f{a) = b. 

(4) Modulo Tp s, every formula ip{x) is equivalent to a disjunction of formulas of the form 
3z4>{x, z) where (j}{x^ z) is a quantifier- free Lp formula and for any a, b, if \= 4>{a, b), then 
b G acl(a). 

Theorem 88. Let T be geometric (that is, the algebraic closure satisfies the exchange property, 
and T eliminates 3°°) and NTP2. Then Tp is NTP2. 

Proof. Denote a J^^ & <^ a ^ acl(6c) \ acl(c). As T is geometric, is a symmetric notion of 
independence, which we will be using freely from now on. 

Let {cLi, (j){x, y), k)^^^ be an inp-pattern, such that (ai)i<cj indiscernible sequence and o^'s 
are mutually indiscernible in the sense of Lp, and (j) an Lp-formula. 

Claim. For any i, is an "-independent set (over 0) and ^ acl(0). 

Proof. By indiscernibility and compactness. □ 

Let A = U,<^ ai. 

Claim. There is an infinite A-indiscernible sequence {bt)i^^ such that bt \= {4>{x ^ i^^j 
i < w. 



THEORIES WITHOUT THE TREE PROPERTY OF THE SECOND KIND 28 

Proof. First, there are infinitely many different fo^'s realizing {(/>(a;, ciio)}^^^^ as {0(a;, aio)}o<i<Lj ^ 
{(l){x, aQj)} is consistent for any j < uj and {'/'(a^, aoj)}^^^ is fc-inconsistent. Extract an A- 
indiscernible sequence from it. □ 

Let pi(x,aio) = tp^(feo/aio)- 

Claim. For some/every i < uj, there is |= Vjj^^Piix, aij) such that in addition b ^ acl(yl). 

Proof. For any < w, let 

gf (a;o...XAr_i,a,o) = |J Pj(a;„, a^o) U {a;„i 7^ a;„J„^_^„^^jY 

71<N 

As 6o---^JV-i 1= Ui<cj '^^^(^''•■•■^^-i' '^io) ^'^"^ NTP2, there must be some i < uj such that 
Uj<w Qi^ {^o---^N-i,o-ij) is consistent for arbitrary large iV (and by indiscernibility this holds for 
every i) . Then by compactness we can find b \= U j<tj Pi (■^' '^u ) such that in addition b ^ acl(v4) . □ 

Work with this fixed i. Notice that 60^10 =^ for ^-U J G 

Claim. The following is easy to check using that J^" satisfies exchange. 

(1) acl(yl) n acl(ay6) = acl(aij). 

(2) acl(ay 6) n acl(aifc6) = acl(6) for j ^ k. 

Now we conclude as in the proof of |CP98[ Theorem 2.7]. That is, we are given a coloring P 
on Qi. Extend it to a ^i-coloring on acl(ay6) such that aijb realizes tp^^^ (0^0^0)1 s^nd by the claim 
all Pi's are consistent. Thus there is some b' such that boOio b'uij for all j G uj, in particular 
6' 1= {(j)i{x, Gij)} — a contradiction. □ 

Example 89. Adding a (directed) random graph to an o-minimal theory is NTP2. 

Problem 90. Is it true without assuming exchange for the algebraic closure? 

6.2. Valued fields. In this section we are going to prove the following theorem: 

Theorem 91. Let K = {K,T, k,v : K ^T,ac : K ^ k) be a Henselian valued field of charac- 
teristic (0,0) in the Denef-Pas language. Let n = Kf^p^k) x Kf^^iT). Then Kf^p^K) < R(k + 2, A) 
for some finite set of formulas A (see Definition^. In particular: 

(1) If k is NTP2; then K is NTP2 (as every ordered abelian group is NIP by |GS84| . thus 
'«inp(r) < 00 and NTP2 follows by Lemma \T^) . 

(2) If k and T are strong (of finite burden), then K is strong (resp. of finite burden). 

The "in particular" part follows by [Ml 
Example 92. (1) Hahn series over pseudo-finite fields are NTP2. 
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(2) In particular, let K — prime Qp/^ with il a non-principal ultra- filter. Then k is 
pseudo-finite, so has IP by [Dur80| . And F has SOP of course. It is known that the 
valuation rings of Qj, are definable in the pure field language uniformly in p (see e.g. 
|Ax65| ). thus the valuation ring is definable in K in the pure field language, so K has 
both IP and SOP in the pure field language. By Theorem [OTl it is strong of finite burden, 
even in the larger Denef-Pas language. Notice, however, that the burden of K is at least 
2 (witnessed by the formulas "ac(x) = y", "^(a;) — y" and infinite sequences of different 
elements in k and F. 

Corollary 93. |She05) // k and F are strongly dependent, then K is strongly dependent. 

Proof. By Delon's theorem [DelSlj . if k is NIP, then K is NIP. Conclude by Theorem [^1] and Fact 

m □ 

We start the proof with a couple of easy lemmas about the behavior of v(x) and ac(x) on 
indiscernible sequences which are easy to check. 

Lemma 94. Let (c,i)ig/ be indiscernible. Consider function {i,j) v{cj — with i < j. It 
satisfies one of the following: 

(1) It is strictly increasing depending only on i (so the sequence is pseudo-convergent) . 

(2) It is strictly decreasing depending only on j (so the sequence taken in the reverse direction 
is pseudo-convergent) . 

(3) It is constant (we'll call such a sequence "constant"). 

Contrary to the usual terminology we do not exclude index sets with a maximal element. 

Lemma 95. Let {ci)i£i be an indiscernible pseudo-convergent sequence. Then for any a there is 
some h Cz I U {+oo, — cx)} (where I is the Dedekind closure of I) such that (taking c^o such that 
I ^ Coo is indiscernible): 

For i < h: v{coo ~ Ci) < v{a — Coo),v{a — Ci) — v{coo — Ci) and ac{a — Ci) — ac{coo — Ci). 
For i > h: v{coo ~ q) > v{a — Cco): v{a — Cj) = v{a — Cqo) o,nd ac{a — q) = ac{a — Cqq). 

Notice that in fact there is a finite set of formulas A such that these lemmas are true for 
A-indiscernible sequences. Fix it from now on, and let S — R(k -f 2, A) for k — Kk x Kr with 
Kk = Ki^np(fc) and Kr = nl^piT). 

Lemma 96. In K , there is no inp-pattern (^(j)a{x, ya),da, ^a) with mutually indiscernible rows 
such that X is a singleton and (f>a{x,ya) = Xa{v{x — y),y^) A pa{ac{x — y),ya)) where Xa G 
and Pa G ife. 
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Proof. Assume otherwise, and let d^j = Caid^^d'^^ where Cai G K corresponds to y, d^^ £ T 
corresponds to and d^^ G k corresponds to y^. By the choice of S, there is a A-indiscernible 
sub-sequence of (cqo)q<5 of length k + 2. Take a sub-array consisting of rows starting with these 
elements - it is still an inp-pattern of depth k + 2 - and replace our original array with it. Let 
c_oo and Coo be such that c_oo (cq!o)q<„ Coo is A-indiscernible and {da) ^^^^ is a mutually 
indiscernible array over c^ooCqc (so either find Coo by compactness if k is infinite, or just let it be 
Ck-1,0 and replace our array by {da)^^^_-^)- Let a ^ {4)a{x, dao)}^^^^^- 

Case 1. (cqo) is pseudo-convergent. Let h e {— cxd} U k + 1 U {oo} be as given by Lemma 
Case 1.1. Assume < h. Then v{a — cqo) — v{coc — cqo), ac(a — cqq) — ac{coo ~ cqq). But then 
actually Coo h 0(a;,doo), and by indiscernibility of the array over Coo, Coo h {'/'(a;, doi)} 
contradiction. 

Case 1.2: Thus w(a — Cqo) = v{a — Coo), ac(a — Cao) = ac{a — Coo) and v{a — Coo) < v{coo — Cqo) 
for aU < a < K + 1. 

Let x'ai^',e^i) Xa{x',d^-) Ax' < v{coo - Cqj) with e^^ = dj^^ U w(coo - c„i). Finally, for 
a < Kr let = U/3<«:fc xa+^i,» and Pa{x' Jl,) = {x'p{x' .el^^^^p M . As (Z^^) is a 
mutually indiscernible array in F, {^^(a;', /qo)}q,<kp i^ realized by v{a — Cqo) and K?j^p(F) = Kr, 
there must be some a < k,y and ar G F such that (unwinding) ar |= x'r^^' ^ xa+s i) f 

Analogously letting x^(a;',e^,) := xa+/3(a;', xq+/3,i)' noticing that (e^J/5<K^,,;<„ is an 
indiscernible array in k and Kk = Kinp(fc), there must be some Cp G fc and /3 < such that 

Finally, take a' G with u(a' — Coo) = ap A ac(a' — Cqo) — dp and let 7 = x a -I- /3. As 
Or < v{coo — Cyi) it follows that v{a' — c^i) = v(a' — Coo) and ac{a' — c^i) — ac{a' — Coo)- But then 
a' ^ {0^(a;, d^i)}^^^ - a contradiction. 

Case 2: (cg ) is decreasing - reduces to the first case by reversing the order of rows. 

Case 3: (cq) is constant. 

If t;(a — Cao) < v{coo ~ Cqo) {— ^{cfjo ~ Cao) for /3 ^ a) for some a, then v{a — Cao) = v{a — cpo) = 
v{a — Coo) for any /3, and ac{a — Cqo) = ac(a — Cqo) for all a's and it falls under case 1.2. 

Next, there can be at most one a with w(a — Cqq) >v{coo—Cao) (if also w(a — c^o) > i'(coo — C/30) 
for some l3 > a then w(c^o ~ Cao) = v(a — c^o) > v[coo — Cqq), a contradiction). Throw the 
corresponding row away and we are left with the case v{a — Cao) ~ v{coo ~ Cao) ~ v(a ~ Coo) for 
all a < K. It follows by indiscernibility that v(a — Coo) = v{coc ~ Cai) for all a,i. Notice that it 
follows that ac{a — Cqo) 7^ ac(coo ~ Cqo) and ac{a — Cqo) — ac{a — Cqo) + ac(coo — c^o). 

Let p'aix', e'^i) := pa{x' - ac(coo - c^i), d^J A x' 7^ ac(coo - c^i) with ej^j = dj;^ U ac(coo - c^i). 
Notice that ac(a — Cqo) |= {p^(x', g^q)} and that (e^j) is a mutually indiscernible array in k. Thus 
there is some a < n and ak |= {pL(2^'7 6ai)}j^^- 
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Take a' £ K such that v{a' — Cqo) = w(a — Cqo) A ac{a' ~ Cqo) = ifc- By the choice of Cfc we 
have that v{a! — Cqo) = v(a — Coo) = i'(coo — Cai) and that ac{a' — Cqo) 7^ ac{coo — Cai), thus 
v{a' - Ca,) = v{a - Coo) and ac{a' - Cat) = ak + ac{coo - Cai)- It follows that a' ^ {4>a{x., dai)]i^^ 
— a contradiction. □ 

Lemma 97. In K, there is no inp-pattern (^(pa{x,ya), da, ka^ such that x is a singleton and 
(l}a{x,ya) = Xa{v{x-yi), . .. , v{x - y^) , ya) ^ Pa{ac{x - yi) , ...,ac{x -yn),ya), where Xa e and 

Pa e Lfc. 

Proof. We prove it by induction on n. The base case is given by Lemma 1961 So assume that 
we have proved it for n — 1, and let {^(f)a{x,ya),da,ka) be an inp-pattern with (f)a{x,ya) = 
Xa{v{x - yi), v{x - yn), yl) A pa{ac{x - yi), ac{x - ?/„), y^) and dar = ci,...c2,dl,d'^^. 

So let a ^ {(paix, dao)}a<s- ^^-^ some a < 6. 

Case 1: v{a - c^o) < w(c2o - c^o)- 

Then v{a — cI^q) — v{a — c^q) and ac{a — cI^q) = ac{a — cJJq)- take 

4>'a{x, d'ar) = {Xa{v{x - C^J, v{x - C;^J, d^J A v{x - cJ^q) < w(c^, - C^,)) 

Ap„(ac(a; ~ c\i), ...,ac{x - c]^,), d^) 

and = da^^v{cl^- cl^). 

Case 2; v(a - c^o) > w(c^o - cig). 

Then v{a - c^q) = u(cSo " Cao) and ac(a - c^p) = ac(c'^o - c\q). Take 

4>'a{x,d'^i) = (xa(w(a; -cJ,J,...,?;(c^o -cio)>c^m) Aw(a; -cJ,o) > t;(cS,; - c;^J) 

and d'a., = da» U v{cl, - cj, J U ac(c2o - c^o)- 

Case 3: v{a — c"q) < u(cJ|Jo ~ "^io) ^^i^^ Case 4: ti(a — c^q) > ^("^So ~ "^ao) ^''"6 symmetric to 
the cases 1 and 2, respectively. 

Case 5: ?;(a - c^o) = - c^o) = «(c2o - cJ,o)- 

Then ac{a - cJJq) = ac(a - c\,q) - ac{d^Q - c;^o)- We take 

A (pa(ac(a; - ^J, ac(c^o - ^q), <J A ac(x - c;^o) ^ ac(c;j, - c^J) 
and d'^i = d„» U ?;(c^, - c^,) U ac(cSo " 4o)- 

In any case, we have that {0^(2;, dai)}i<^ is inconsistent, {4'p{x,dpfi)} U {0Q(a;,d^o)} ^ 
(i^o)}Q,<^<5 is consistent, and {d/j) U {da} U (<^;3)c(<^<5 ^ mutually indiscernible 



THEORIES WITHOUT THE TREE PROPERTY OF THE SECOND KIND 



32 



array. Doing this for all a by induction we get an inp-pattern of the same depth involving strictly 
less different v{x — ?/i)'s - contradicting the inductive hypothesis. □ 

Finally, we are ready to prove Theorem [911 

Proof. By the cell decomposition of Pas |Pas90| . every formula (/)(a;,c) is equivalent to one of 
the form \/i^^iXtix) A pi{x)) where Xi = Ax]iv{x - c'j),di) with x^ixj]) e L{T) and p, = 
/\ Pj{ac{x — Cj), e*) with p'j{x, e*) G L{k). By Lemma [551 if there is an inp-pattern of depth k with 
X ranging over K, then there has to be an inp-pattern of depth k and of the form as in Lemma 
1971 which is impossible. It is sufficient, as F and k are stably embedded with no new induced 
structure and are fully orthogonal. □ 

Problem 98. 

(1) Can the bound on Kinp{K) given in Theorem 1911 be improved? 

(2) Determine the burden oi K = Y[p prime '^p/^ the pure field language. In [DGLll] it is 
shown that each of Qp is dp-minimal, so combined with Fact [22] it has burden 1. However 
K is not inp-minimal, as both v and ac are definable in the pure field language, and the 
residue field is infinite, so {v{x) — w^}, \ac{x) = Oi} shows that the burden is at least 2. 
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